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Abstract 

We consider the massless supersymmetric vector multiplet in a purely quantum framework 
and propose a power counting formula. Then we prove that the interaction Lagrangian 
for a massless supersymmetric non-Abelian gauge theory (SUSY-QCD) is uniquely de- 
termined by some natural assumptions, as in the case of Yang-Mills models, however we 
do have anomalies in the second order of perturbation theory. The result can be easily 
generalized to the case when massive multiplets are present, but one finds out that the 
massive and the massless Bosons must be decoupled, in contradiction with the standard 
model. Going to the second order of perturbation theory produces an anomaly which 
cannot be eliminated. We make a thorough analysis of the model working only with the 
component fields. 
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1 Introduction 



A quantum field theory should provide two items: the Hilbert space of the physical states 
and the (perturbative) expression of the scattering matrix. In perturbation theory the Hilbert 
space is generated from the vacuum by some set of free fields i.e. it is a Fock space. In theories 
describing higher spin particles one considers a larger Hilbert space of physical and unphysical 
degrees of freedom and gives a rule of selection for the physical states; this seems to be the 
only way of saving unitarity and renormalizability, in the sense of Bogoliubov. In this case 
one should check that the interaction Lagrangian (i.e. the first order of the S-matrix) leaves 
invariant the physical states. If the preceding picture is available in all detail then one can 
go very easily to explicit computations of some scattering process. Other constructions of a 
quantum field theory, as those based on functional integration, are incomplete in our opinion if 
they are not translated in the operatorial language in such a way that the consistency checks 
can be easily done. 

The construction of the QCD Lagrangian in the causal approach goes as follows [7j, [12]. The 
Hilbert space of the massless vector field is enlarged to a bigger Hilbert space TC including 
two ghost fields u, u which are Fermi scalars of null mass; in Ti we can give a Hermitian 
structure such that we have 

f = f ^ v) = u, = —u. (1.1) 

Then one introduces the gauge charge Q according to: 

Qn = 0, = Q, 

[Q,v^] = id^u, 

{Q,m} = 0, {Q,m} = -«9%; (1.2) 

here fl E Ti. is the vacuum state. Because = the physical Hilbert space is given by 
T<phys = Ker{Q)/Im{Q). 

The gauge charge is compatible with the following causal ( ant i) commutation relation: 

[Vf,{x),Vy{y)] = i g^y Dq^x-v) {u{x),u\y)} = -i Dq{x - y) (1.3) 

and the other causal (anti) commutators are null; here Dm{x — y) is Pauli- Jordan causal dis- 
tribution of mass m > 0. In fact, the first relation together with the definition of the gauge 
charge, determines uniquely the second relation as it follows from the Jacobi identity 

[v^{x), {u{y),Q}] + {u{y), [Q,v,{x)]} = {Q, [v,{x),u{y)]} = 0. (1.4) 

We can then assume that all the fields v^, u, u have the canonical dimension equal to 1 so the 
gauge charge raises the canonical dimension by 1. It is usefull to convince the reader that the 
gauge structure above gives the right physical Hilbert space. We do this for the one-particle 
Hilbert space. The generic form of a state \I' G TY*^^^ C Ti from the one-particle Hilbert subspace 
is 



f^{x)v''{x) + / gi{x)u{x) + / g2ix)u{x 



Q (1.5) 
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with test functions f^,gi,g2 verifying the wave equation equation. We impose the condition 
^ e Ker{Q) <^=^ Q'^ = 0; we obtain 9^/^ = g2 = i-e. the generic element 
^ G n Ker{Q) is 



n (1.6) 



with (yf arbitrary and constrained by the transversality condition 9^/^ = 0; so the elements 
of n fs:er(Q) are in one-one correspondence with couples of test functions {f]i,g) with the 
transversality condition on the first entry. Now, a generic element \E'' G TY*^^-* fl Im(Q) has the 
form 



9'^/; (x)w(x) + / d,g' 



n (1.7) 



so if ^ G 7Y(^) n Ker{Q) is indexed by (/^, gf) then ^ + is indexed by (/^ + c^^^f', - 9^//^). 

If we take conveniently we can make g = Q. We introduce the equivalence relation /^i^^ ~ 

//i^"* <^=^ fi^^ — fi^^ = <9^fi'' and it follows that the equivalence classes from Ker{Q)/ Im{Q) are 
indexed by equivalence classes of wave functions [/^]; we have obtained the usual one-particle 
Hilbert space for the photon. The preceding argument can be generalized to multi-particle 
Hilbert space jHI; the idea comes from Hodge theory and amounts in finding an homotopy 
operator Q such that the spectum of the "Laplace" operator {Q, Q} can be easily determined. 

By definition quantum chromodynamics assumes that we have N copies Vj, uj, uj j = 
1, . . . ,N verifying the preceding algebra for any j = 1, . . . ,N. 

The interaction Lagrangian t{x) is some Wick polynomial acting in the total Hilbert space Ti 
and verifying the conditions: (a) canonical dimension uj{t) = 4; (b) null ghost number gh{t) = 
(where by definition we have gh{vj) = 0, gh{uj) = 1 gh{uj) = —1 and the ghost number is 
supposed to be additive); (c) Lorentz covariant; (d) gauge invariance in the sense: 

[Q,tix)]=id^t>'ix) (1.8) 

for some Wick polynomials of canonical dimension co'(t^) = 4 and ghost number gh{t^) = 1. 

The gauge invariance condition guarantees that, after spatial integration the interaction 
Lagrangian t{x) factorizes to the physical Hilbert space Ker{Q)/Im{Q) in the adiabatic limit, 
i.e. after integration over x; the condition (jl.8j) is equivalent to the usual condition of (free) 
current conservation. Expressions of the type 

dQb + d^r (1.9) 

with 

uj{b) = uj{tf') = 3 gh{b) = -1 ghitf") = (1.10) 

are called trivial Lagrangians because they induce a null interaction after space integration 
(i.e. the adiabatic limit) on the physical Hilbert space. One can prove that the condition 
()1.8|) restricts drastically the possible form of t i.e. every such expression is, up to a trivial 
Lagrangian, equivalent to 

t = fjkii- v'^vldyVif, : - : v'^Ukd^ui :) (1.11) 
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where the (real) constants fjki must be completely antisymmetric. In the the rest of the paper 
we will skip the Wick ordering notations. Going to the second order of the perturbation theory 
produces the Jacobi identity. So we see that, starting from some very natural assumptions, we 
obtain in an unique way the whole structure of Yang- Mills models. We expect the same thing 
to happen for more complex models as supersymmetric theories. 

If we want to generalize to the supersymmetric case we must include all the fields v^, u, u in 
some supersymmetric multiplets. By definition [Hj a supersymmetric multiplet is a set of Bose 
and Fermi fields 6j, /a together with the supercharge operators Qa such that the commutator 
(resp. the anticommutator) of a Bose (resp. Fermi) field with the supercharges is a linear 
combination of Fermi (resp. Bose) fields; the coefficients of these linear combinations are partial 
derivative operators. We must also suppose that the supercharges are part of an extension 
of the Poincare algebra called the supersymmetric algebra; essentially we have (for = 1 
super symmetry) : 

Qafi = 0, Qafi = Q-a = {Qa)^ (1.12) 

{Qa, Qb] = 0, {Qa, Qi} - 2a^^P, = (1.13) 

and 

[Qa, P,] = 0, U^'QaUA = Aa'Qt. (1.14) 

Here Ua is a unitary representation of the Poincare group and are the infinitesimal 
generators of the space-time translations. There are not many ways to do this. We will show 
that for the we must use the vector multiplet and for the ghost fields we must use chiral 
multiplets. Then we must impose that t is also supersymmetric invariant. A natural definition 
is: 

[Qa,t] = dQSa + dX, uj{sa) = 7/2 gh{sa) = -1 ^(t^^) = 7/2 gh{t^,) = 0; (1.15) 

this means that after space integration (i.e. the adiabatic limit) we obtain on the physical 
Hilbert space an expression commuting with the supercharges. 

In the supersymmetric framework one usually makes a supplementary requirement, namely 
that the basic supersymmetric multiplets should be organized in superfields [I], [H], [H], [IH| i-e. 
fields dependent on space-time variables and some auxiliary Grassmann parameters 6a, da- It is 
showed in |9J that there is a canonical map w ^ sw = W mapping a ordinary Wick monomial 
w{x) into its supersymmetric extension 

Wix, e, 6) = exp {tO'^Qa - lO'^Qa) ; (1.16) 

in particular this map associates to every field of the model a superfield. Moreover, one postu- 
lates that the interaction Lagrangian t should be of the form 

t{x) = J d9^d9^T{x,9,9) (1.17) 

for some supersymmetric Wick polynomial T. We expect that the preceding expression is of 
the form (jl.lip plus other monomials where the super-partners appear. 
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One can hope to have an uniqueness result for the couphng if one finds out a supersymmetric 
generahzation of (|1.8|) . A natural candidate would be the relation: 

[Q, T(x, e, 9)] = VT{x, 6, 9) - H.c. =VT + Vf (1.18) 

where 

= — - ia^/^d. V-a = + ia^-J^d.. (1.19) 

" QQa ab " and ' oa 1^ \ J 

We have 

(i?,r)t = ±v-aT\ 

{Va, V,} = 0, {V-a, Vi} = 0, {Va, Vj,} = -2ta^^^ d, (1.20) 

where in the first formula the sign +(— ) corresponds to a super-Bose (-Fermi) field. The last 
relations is used to eliminate space-time divergences d^T^{x, 9, 9) in the right-hand side of the 
relation (frTH|l . It is clear that (frTH|l implies (fTl?|l . 

The most elementary and general way of analyzing supersymmetries is to work in compo- 
nents and to see later if the solution can be expressed in terms of superfields. We will prove 
that in the massless case there is an unique solution for SUSY-QCD if we consider a weaker 
form of ()1.15|) i.e. we require that this relation is true only on physical states: 

< ^1, ([Q„ t] - dQSa - 9^t^)*2 >= (1.21) 

where \E'i, ^1^2 ^ Ker{Q) modulo Im{Q). We remark that (jl.lSp implies p.2ip but not the other 
way round. 

In the next Section we give the structure of the multiplets of the model and we present the 
gauge structure. In SectionElwe determine the most general form of the interaction Lagrangian 
compatible with gauge invariance and prove that we have supersymmetric invariance also. 
The expression for the ghost coupling seems to be new in the literature. The details of the 
computation are given in the Appendix. 

We also investigate in what sense one can rephrase the result using superfields. An im- 
mediate consequence of the analysis in terms of component fields is that one cannot impose 
p.l8|) . However we can establish a contact with traditional literature based on the so-called 
Wess-Zumino gauge. 

In Section 0] we extend the result to the massive case hoping to obtain the minimal su- 
persymmetric extension of the standard model. We obtain a curious obstruction, namely the 
sector of massive gauge fields and the sector of massless gauge fields must decouple; this does 
not agree with the standard model. 

Unfortunately, if we proceed to the second order of perturbation theory, we obtain a su- 
persymmetric contribution to the anomaly which cannot be eliminated by redefinitions of the 
chronological products. 

In Section El we do the same analysis for the new vector multiplet jU] working in components 
also. In conclusion = 1 supersymmetry and gauge invariance do not seem to be compatible 
in quantum theory. 
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2 The Quantum Superfields of the Model 
2.1 The Vector Multiplet 

The vector multiplet is the collection of fields C, f^, d, Aq where C, is real scalar, <^ is a 
complex scalar, is a real vector and Xa, Aa are spinor fields. We suppose that all these fields 
are of mass m > 0. We can group them in the superfield 

V = c + ex + ex + o^ (f) + e^ (j)^ + (ea^e) + e^ex + P ex + e'^e'^ d. (2.1) 

It is convenient to define the new field: 

K = A. + '-a:,d,x' d'^d-^C (2.2) 
and then the action of the supercharges is given by 

i [Qa, C] = Xa 

{Qa, Xb} = 2i eab4> 

{Qa, Xb} = -i ^ab (^M + ^ ^Z^*^) 
[Qa,4>]=0 

{Qa, A^ = 2i eab d' - 2i (r^^lldf^Vp 

{Qa,X'b} = 

1 

2 



[Qa,d'] = --a^^,d,Xr (2.3) 



It is a long but straightforward exercise to verify that the supersymmetric algebra is valid 
|10j . In [10 we have also determined the generic form of the causal (anti) commutation relations: 

[C{x), C{y)] = -i ci Dm{x - y) 
[C{x), d{y)] = -i C2 Dm{x - y) 

[C(x), (/)(?/)] = -i (C4 - zcs) Drrix - y) 

[0(x), (f)\y)] = -i { — C1 + C2] Dmix - y) 



^ 4 
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TTl 

(x), d{y)] = — (c4 - ics) D„,{x - y) 

Ha;), v^,{y)] = (cg + ic^) d^Dm{x - y) 

4 

%Tfl 

[d{x), d{y)] = — — ci D^{x - y) 
lb 

2 

m 



[Vf,{x), Vp{y)] = i ci d^dp Dm{x - y) + i ( — ci - 2c2 ) g^p D-mix - y) 



{Xa{x), Xb{y)} = 2(C4 - iCs) tab D^{x - ?/), 

{Xa{x), Xbiy)] = Cl (^ab 9,iD^{x - y) 

2 

Tfi 

{\a{x), \b{y)} = — —{c4 - ics) eab D^{x - y), 

2 

— TTl 

{A„(x), Xi{y)} = ^ Cl d^D.^{x - y) 

{Xa{x), \{y)} = -'2,1 C2 tab Dm{x - y) , 

{Xa{x), X-b{y)} = -i (c4 + ics) 0-^^ d^Dm{x - y) (2.4) 

and the rest of the (anti) commutators are null; here Cj j = 1, . . . ,4 are some real coefficients. 
However, if we want that the commutation relations for the vector field remain unchanged (|1.3|) 
then we must require Ci = 0, C2 = —\- This choice implies in particular that and have 
the canonical dimensions 1 so the causal commutator between them should have the order of 
singularity —2. But this is compatible only with the choice 03 = 04 = 0. 
In the end we find out that the causal (anti) commutation relations: 

[C{x),d'{y)]='-D,^{x-y) 

2 

XTfi 

[d\x), d!{y)] = — — D^{x - y) 

[<P{x)AKy)] = ]^D^{x-y) 

[v^{x),Vy{y)] = i gf,u Dm{x - y) 
{Xaix),X'f,{y)} = i eabDo{x-y), 

{Kix),X^{y)} = a^^-^d,Doix-y) (2.5) 
and the rest of the (anti) commutators are null. More compactly 

[V{X),V{Y)] = -^D,iX;Y) (2.6) 

where we are using the notations from ^Uj for the possible causal super-distributions. The 
canonical dimension of the component fields are 

uj{v,) = l u;{X')=3/2 uj{d) = 2 uj{<P) = l uj{x) = \ ^(A') = ^. (2.7) 
It is natural to assume that 

uj{e) = -1/2 uj{V) = 1/2 (2.8) 

as it is usually done in the literature. In this way one can make sense of the notion of canonical 
dimension for the vector superfield; more precisely we have: 

cu{V) = 0. (2.9) 
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2.2 The Ghost Chiral Multiplets 

We require that the ghost fields are also members of some multiplets of chiral type. We admit 
that these ghost multiplets are also massless. The generic forms of a chiral ghost and anti-ghost 
superfields are 

U{x, e, 6) = a{x) + 2t eC{x) + I (Oa^e) d^a{x) + 6^ g{x) + P Oa^'d^Cix) (2.10) 
and respectively 

U{x, e, 6) = a{x) - 2i fc{x) + i (Oa^'e) d^a{x) + 6^ g{x) - 6^ Oa^d^Cix) (2.11) 

where a, g, a, g are Fermi scalar fields and (a, Ca are Bose spinor fields. Let us remind that 
we choose them such that 

(Ca)^=a (Ca)^ = -4 (2.12) 

- see (jl.ip : the chirality condition means 

VaU = VaU = 0. (2.13) 

The action of the supercharges on these fields is 

{Qa,a} = {Qa,a^} = 2Ca 
{Qa,g} = -2tcr^^^d,C' {Qa,9^} = 

'l\n ^rl = r, _ 
ab 



[Qa, Cb] = eab9^ t[Qa, Cb] = d,a (2.14) 



and respectively: 



{Qa,~9} = 2ia^^d/ {Q,,g^ = 

[Qa,Cb\ = eabg^ i[Qa,Cb\ = -^^ab ^t'^' (^-l^) 

It is convenient to work with the Hermitian (resp. anti-Hermitian) fields 

u = a + V = —i(a — a^) 

u = a — a) v = —i{a + a)) (2.16) 

such that we have 

= u = V = —u -y^ = —V. (2-17) 

Then we have the following action of the supercharges: 

{Qa, U} = 2Ca {Qa, v} = 2i (a 

{Qa,g} = -2tai:^d,C' {Qa,g^} = 

[Qa, Cb] = eabg^ t[Qa, Cb] = ^^fj d,iu + tv) (2.18) 



and respectively: 

{Qa, U} = -2Ca {Qa, v} = -2i (a 



1 

— ( 
2 



[Qa, Cb] = eab9^ t[Qa, Cb] = "TT^S ^/.(« + ■ (2-19) 



These relations are consistent with the following canonical dimensions for the fields: 

u;{u) = l iuiv) = l oj{g) = 2 u:{C) = \ 

uo{u) = 1 uj{v) = 1 ij{g) = 2 uj{C) = ^. (2.20) 

One can define the so-called R symmetry by: 

= = R (2.21) 

and 

\R, C] = \R, (j)] = -2(j) [R, (f)^ = 2(f)^ [R, d] = 
[R,X] = ~X [R,X]=X [R,X'] = X' [R,X'] = -X' 
[R,u]=0 [R,v]=0 [R,g] = -2g [R,g^] = 2g^ [i?, CJ = "C Cd = C 

[R,u]=0 [R,v] = [R,~g]=o [R,~g^} = 

[R,Q = -C, [rZ] = L- (2.22) 

One usually imposes this invariance on the interaction Lagrangian. 
2.3 The Gauge Charge 

The purpose is to generalize the construction from the Introduction and to extend naturally 
the formulas (|1.2|) to the supersymmetric case. We define the gauge charge Q postulating the 
following properties: 

• We have 

Qn = 0, = Q. (2.23) 

• The (anti) commutator of Q with a Bose (resp. Fermi) field is a linear combination of 
Fermi (resp. Bose) fields; the coefficients of this linear combinations are partial differential 
operators. 

• The (anti) commutator of Q with a field raises the canonical dimension by an unit; 

• The (anti) commutator of Q with a field raises the ghost number by an unit; 
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• The gauge charge commutes with the action of the Poincare group; in this way the 
Poincare group induces an action on the physical space T^phys = Ker{Q) j Im{Q). 

• The gauge charge anticommutates with the supercharges: 

{Q,Qa} = 0; (2.24) 
in this way the supersymmetric algebra induces an action on the physical space TYphys- 

• The gauge charges squares to zero as in the Yang-Mills case 

= 0. (2.25) 



If one makes the most general ansatz for the action of Q compatible with the preceding 
conditions one finds out an important result: making some convenient rescaling of the fields, 
the gauge charge is uniquely determineded preceding assumptions. In the massless case we 
have d' = d and Q is uniquely determined by: 

= = Q (2.26) 

and 

[Q,C] = tv [Q,v^^]=zd^^u [QA] = -9^ [QA^]=9 [QA=0 

{Q,X} = 2< {Q,x} = -2< {g,A'} = 
{Q,u} = {Q,v} = {Q,g} = {Q,g^ = [Q,Ca] = [Q,Cd=0 
{Q,u} = -idX {Q,v} = 2id {Q,~g} = o {Q,~g^} = o 

[Q, Ca] = -l^yX' [Q^ C~.] = (2.27) 
One can express everything in terms of superfields also jH]: 

[Q, V] = U-U^ {Q, U} = 

{Q,U} = -^V^&V (2.28) 

As in the Introduction we postulate that the physical Hilbert space is the factor space 
'Hphys = Ker{Q) / Im{Q). Using this gauge structure it is easy to prove that the one-particle 
Hilbert subspace contains the following type of particles: a) a particle of null mass and helicity 
1 (the photon); b) a particle of null mass and helicity 1/2 (the photino); c) the ghost states 
generated by the fields g from the vacuum. These states must be eliminated by imposing the 
supplementary condition that the physical states have null ghost number. Only the transversal 
degrees of freedom of and are producing physical states. 

We can now determine the causal (anti) commutation relations for the ghost fields. As in 
the Yang-Mills case - see relation ()1.4|) - one uses the Jacobi identities 

Hx), {/(y), Q}] + {/(y), [Q, b{x)]} = {g, [b{x), f{y)]} = (2.29) 
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where b = C,(f), </)^ f^, d', x, X) ^'y ^' f = ^,g, g\ (, C; if we take into account the particular 
choice we have made for the causal (anti) commutation relations of the vector multiplet one 
finds out 1^ that we have 

{a{x), d\y)} ='-Do{x-y) [Ca{x)XM] = -^^^ " v) (2-30) 

and all other causal (anti) commutators are null. So, like for ordinary Yang-Mills models, the 
causal (anti) commutators of the ghost fields are determined by the corresponding relations of 
the vector multiplet fields. 

Finally we mention that we can impose that the vector field is part of the so-called rotor 
multiplet [TU]. The fields of this are {d,v^, Aq) and the supercharges defined through 

{Qa, Aft} = -i {eabd + (Tab^l^^) 
{Qa,A5} = 

i[Qa,v^]=<y''J^'. (2.31) 

where F^y = d^v^ - dyV^. 

However in this case the general form of the gauge charge 

[Q,v>^]=id^u [Q,rf] = {g,Al} = «<5 9^C' (2.32) 

is not compatible with the relation {Q, Qa\ = 0. Also if we consider that the ghost multiplets 
are Wess-Zumino we obtain a contradiction. 



3 Supersymmetric QCD 

3.1 Supersymmetric QCD in Terms of Component Fields 

It is better to illustrate the method we use to find the most general gauge invariant Lagrangian 
on the simplest case, namely ordinary QCD, i.e. we will briefiy show how to obtain the expres- 
sion ()1.11|) as the unique possibility. So, we consider a Wick polynomial t which is tri-linear 
in the fields Vj,Uj,Uj has canonical dimension 4 and null ghost number, is Lorentz covariant 
and gauge invariant in the sense ()1.8|) . First we list all possible monomials compatible with all 
these requirements; they are: 

/^'^ = /Sl^^M^^. f'^ = ftHv,,dx (3.1) 

and 

9^^^ = 9jlhjUkdf,ui 9^^^ = 9fkAv'llukUi 9^^^ = 9fkiv'^d^UkUi. (3.2) 
We now list the possible trivial Lagrangians. They are total divergences of null ghost number 

— ^jkl'^j^kvUl^ ^jkl — ^kjl 

= tfki^m'^kUi (3.3) 
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and the co-boundary terms of ghost number —1: 

b^'^ = b%u,u,u, b% = -h% (3.4) 
Now we proceed as follows: using dH^^^ it is possible to make 



using dgb^^") we can make 



using dH^^^ it is possible to take 



finally, using dgb^"^^ we can make 



fjkl — flkj'-: (3-5) 



= 0; (3.6) 



gfki = 0; (3.7) 



_ ^(2) /q 0\ 

9jki - 9kji- 1^.8) 
So we are left only with three terms. If we compute dqt and use the known identity: 

d'f, = 0, J = 1,2,3 ^{d''h){d,h)f3 = ld,[{d^h)hh+fi{d>^f2)f3-fif2{d^f3)\ (3.9) 



the result is 
where: 



dqt = iUjAj + total div (3.10) 



+ fS + f'm + 3^1) < (3.11) 



A, = -2/j;j d^v^, d,v,^ + (/« + ^gi) d,vl dX 
Ai) , ^(1) , ^(1) , (1) 

I jkl ' Jlkj ' Jklj ' iJkjl 

Now the gauge invariance condition (jl.8j) becomes 

UjAj = d^. (3.12) 
From power counting arguments it follows that the general form for is 

t>' = ujf; + {d,uj)t^r (3.13) 

We can prove that t^^ = g^^ tj from where Aj = —d'^tj; making a general ansatz for tj we 
obtain that we must have in fact 

Aj = (3.14) 

i.e. the following system of equations: 

.(1) _ _ .(1) 

J jkl ~ Jkjl 
flkj + 9kjl — 
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the first equation, together with (j3.5p amounts to the total antisymmetry of the expression 
fjki = The second equation from the preceding system gives then g^j^ = 0. As a result we 
obtain the (unique) solution: 

^^'^ = f-lK^^d^vi, - v^u,d,u{)- (3.16) 

it can be easily be proved, using the formula ()3.9j) that (igt'-^-* is indeed a total divergence. 

The supersymmetric case goes on the same lines only the computational difficulties grow 
exponentially because now we have many more terms of the type /, g, t^, h. 

We would expect to obtain the expression ()3.16|) together with terms with supersymmetric 
partners. The details are given in the Appendix. It is remarkable that we obtain only two 
possible solutions namely the usual Yang-Mills solution for QCD t^^^ given above by (|3.16|) 
and 

t^^^ = fMi^jCrXK + 2^ + 2* CKC,>i]- (3.17) 

We impose now supersymmetric invariance condition p.l5j) on 

t = t(i)+t(2) (3.18) 

and we hope to obtain a non-trivial solution. If we are successful we must also go the the second 
order of perturbation theory. First we consider only the terms bilinear in and linear in A' 
from the commutator [Qa?*^] and impose that condition that they are a sum of a co-boundary 
and a total divergence. It is not very hard to prove that we obtain the restriction /j^] = —i /j^] 
i.e. the interaction Lagrangian should be: 

t = fM^^kduVi^ - ^(A>M^fc)< - v^Ukd^ui + 2 iX'^Ck)ui + 2 (A',C,)n/] (3.19) 

where we have simplified the notation: fj^i = fjl]. We note that this interaction Lagrangian is 
i?-invariant. The first two terms are standard in the literature - see for instance jH], The 
next contribution is the standard ghost coupling from the Yang-Mills theory jB] , JH] • The last 
two contributions to the ghost coupling in seems to be absent from this analysis. So, gauge 
invariance in the first order is not true for the expression from [13] . 

We can prove after some computation that the preceding expression verifies the following 
equation: 

[Qa, t] = dgSa + d^a " 2 fjMukO^Cla + 2l(y'^^Vj,d^C,lui) (3.20) 



where 



3' 

+Wja'^j^X'l^vi^ - 2vjCkaUi - 2X'j(f)kUi] (3.21) 



and 



XjaVkduVi^, + i{X'jaMxia + gt,y(T''^iVjX'f,ui + Aig^^yal^v^pCkUi . (3.22) 
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So, its seems that the last two terms from (|3.2(jp - which cannot be rewritten as dqSa + 
total divergence - are apparently spoiling the supersymmetric invariance condition (jl.l5|) . 

However, as we have said in the Introduction, there is a natural way to save supersymmetric 
invariance namely to impose instead of (jl.lSp the weaker form ()1.21|) 

< ^1, i[Qa, t] - dgSa - 5^t^)^2 >= 

with \E'i,\E'2 G Ker{Q) modulo Im{Q). We first take \E' to be generated from the vacuum by 
the physical fields , A^, d'^ if we consider as before, the terms bilinear in and linear in A' 
from the commutator [Qa;^] we obtain the interaction Lagrangian should be given by (j3.19p . 
It follows that we also have (j3.2(J|) : however, if we apply this relation on a physical states j 
we obtain that ()1.2H) is true; indeed the extra terms give zero in this average. If we substitute 
in ()1.21|) ^ j — i> ^ j + Q(^j the relation stays true (one has to use the anticommutativity of Q 
with the supercharges.) So we have obtained an unique solution for supersymmetric QCD as 
in the Yang-Mills case. 



3.2 Supersymmetric QCD in Terms of Superfields 

From the preceding Subsection we conclude that we cannot express the interaction Lagrangian 
in terms of superfields such that (jl.lTp and (jl.l8|) are true; indeed if this would be true then 
we would have (jl.isp with Sa = 0. Even the possibility of obtaining the expression (j3.19|) in 
the form (jl.lTp is very unlikely. Nevertheless let us start from the superfield expression of the 
interaction suggested by the classical analysis [TUj . 

Arguments from classical field theory suggests that the interaction should be an expression 
of the type 

^classical = ^classical + ^classical (3.23) 

where 

^Sssicai ^-{j de'dP [Vp-V, &V^V, - H.C.] 

^dLcai = 2^ 1 dO'dP f,M V,{Uu + Ul) {Ui + U}) (3.24) 
(see Iini)- After a tedious computation one obtains up to a total divergence 

^Sssicai = hki [cAd.XkO^'d,\[) - C,{d,Xka^^d,X) - 2 d,C,v^,d, 
+ 2 iXjf^^d^Xk) di- - dj{df,Xj(^^Xk) di - Ai (pjcjildi 

{xjcy^ud^KX - ' {xfo,.d^\)v] + \ ixAKK - 1 ixAKK 

+2i {xj^'k)di — 2z {xj^'k)di +total divergence; (3.25) 
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the third hne is suggested in the hterature e.g. see formula (C.lc) and appears in (|3.19|) 
also. The expression of the ghost coupling is much more complicated: 

^ciisicai = fjki -v'^Ukd^ui + v^d^VkVi - 2djUkVi - 2 (pjgkVi - 2 (j)]glvi 

+2i (f)jUkgi + 2i (t)]u\gi + 2i Cjglgi + 2i C^gug] 
-i iXj(^^Ck)d^ui + i {Cj(y^Xk)df,ui + 2i {X'jCk)vi + 2i iX'jCk)vi 

+2 (A;4)«/ + 2 (A;C;)u/ + t {O^XjC^^CiH - ^ {x3^^dX^)Uk 

-4z <p]iCkCi) + 4^ UCkl) - 2 C,id,CkCT''Ci) + 2 C.iCkcy'dZ) 
-2 C.id.Cia^'Ck) + 2 C.iCicr^d.Ck) - 2i {Ckcr.ld - 2i v^^ (Oa^Cfc) 
+2 iXjCk)9i + 2 {XjCk)g\ - 2 ixjCi)9k + 2 (XjCdgl +total divergence (3.26) 

Now one can eliminate trivial terms following the procedure given in the table from the 
Appendix. As a result the total expression is of the following form: 

^classical = t + dgb + 8^^ + i (3.27) 

where t is given by (j3.19|) and 

i ^ f,,i {d,Xj'y'Xk)dX + I {Xj^''d.Xk)dX + <p]{Xka''d,\[) - <Pjid,\yxk) 

+2i (pjUkgi + 2i (f)]ukgj + 2i Cjglgi + 2i Cjgkgj 
+^ {d^,Xj(^^Ci)uk - i {Xj(^^df,Ci)uk + i {d^.Qa^'xkW - i {C,i(y^d^Xk)uk 

HXj^^d.Qvk - {d^l,a^Xk)vk + 2 {x^Qh + 2 (x,a)^/] (3-28) 

is not trivial. So we do not have an exact match between classical and quantum analysis. 
However, there is a way of eliminating the last term used in the literature, namely to compute 
^classical in the so-callcd Wess-Zumino gauge [20]. This means that the superfield V can be 
written as 

V = (3.29) 



where: 
and 



V' = {Oa^e) + ex' + ex' + e^e^ d' (3.30) 
A = ]^c + ex + e^ct>^ + \ (ea^e) d,c -'-e' (ea^d.x)- (s.si) 



If instead of V one uses V then we have t — so we have 

^classical t + dgb + dH^. (3.32) 
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The conclusion is that our expression for the interaction Lagrangian t can be obtained from 
^TT^ - (jT^ if we substitute Vj V^. 

Gauge invariance and supersymmetric invariance are not very conveniently expressed in 
terms of Vj so one must work with the interaction Lagrangian ()3.23p in every order of the 
perturbation theory and make at the end Vj — > Vj. However, going to the second order of per- 
turbation theory might be more difficult in this superfield formalism than working in component 
fields. 



3.3 Second Order of Perturbation Theory 



One can go to the second order of perturbation theory very easily in components and compute 
the anomaly as in [7]; we have in p.Sj) 



i'^ — fjkl 

From here we obtain 



d 



dQ [t{x),t{y)]=t— [t^{x),t 



+ i 



_d_ 



(3.33) 



(3.34) 



The anomalies are obtained in the process of causal splitting of this identity; we obtain in 
general 

dQT{t{x),t{y)) = T{t^\x),t{y)) + T(t(x), t^(y)) + A{x, y) (3.35) 

where T(a(x), h{y)) is the chronological product associated to the Wick monomials a and h and 
A{x, y) is the anomaly which spoils the gauge invariance in the second order. One finds out 
that 

A{x,y)=A^^{x,y) + A^'^^^{x,y) (3.36) 

where the first term already appears in the pure Yang-Mills case and can be eliminated (as a 
co-boundary plus a total divergence) if and only if one imposes Jacobi identity on the constants 
fjkl- The second term from the anomaly is of purely supersymmetric nature: 



A^>i«y(a;,y) =a^"^y(x) 5{x~y) 



with 



susy 



fjkl fmnl 

Apparently one cannot write this expression as co-boundary plus a total divergence. 



(3.37) 
(3.38) 



4 Extension to the Massive Case 

The first thing we must do is to remind how one can give mass to the photon in the causal 
approach [7] JH]- One modifies the framework from the Introduction as follows. The Hilbert 
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space of the massive vector field is enlarged to a bigger Hilbert space H including three ghost 
fields u, u, h. The first two ones are Fermi scalars and the last is a Bose real scalar field; all 
the ghost fields are supposed to have the same mass m > as the vector field. In Ti. we can 
give a Hermitian structure such that we have 

= Vf^ v) = u, v) = —u h) = h (4-1) 

and we also convene that gh{h) = 0. Then one introduces the gauge charge Q according to: 

qn = 0, = Q, 

[Q, Vfj] = id^u, [Q, h] = imu 
{Q,u} = 0, {Q,u} = -t{d^v^ + mh) (4.2) 

and, because = 0, the physical Hilbert space is given, as in the massless case, by Hphys = 
Ker{Q)/Im{Q). 

The gauge charge is compatible with the following causal ( ant i) commutation relation: 

[v^,{x),Vy{y)]=i gf,vD^{x-y) {u{x),v){y)} = -i D^{x-y) [h{x),h{y)] = -i Dm{x -y) 

(4.3) 

and the other causal (anti) commutators are null. We see that the canonical dimension of the 
scalar ghost field must be uj{h) = 1. It is an easy exercise to determine the physical space in 
the one-particle sector: the equivalence classes are indexed by wave functions of the form 

^0 = 1 f,{x)v^{x) d^f, = 0. (4.4) 

The general argument can be found in [7j. 

To go to the supersymmetric case we must include the field h into a supersymmetric mul- 
tiplet. Again, the natural candidate is a chiral field we take: 



B{x, 9, 9) = b{x) + 2 9ij{x) + % {9o^9) d^b{x) + 9^ f{x) 



2 

— — Tf) — 

-I 9^ 9a^d^i){x) + — 9W b{x) (4.5) 



where b, f are complex scalars and is a spinor field. The chirality conditions is: 

VaB = 0. (4.6) 

Some mass-dependent extra-terms ^ 9'^9'^ u{x) and ^ 6*^^^ u{x) should be included in the 
expressions of ()2.1()|1 and 1)2.111) of U and U from subsection 12.21 respectively. 
The action of the supercharges can be taken to be: 

t [Qa, b]=0 I [Qa, b^\ = 2^a 

[QaJ] = -2a'^-^d,^p' [QaJ^ = 

{Qa, M = ^ ^abf {Qa, M = <S d,b. (4.7) 
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These relations are compatible with the following canonical dimensions: 

uj{b) = 1 uj{iIj) = 3/2 uj{f) = 2. (4.8) 

It is convenient to work with the self-adjoint bosonic ghost fields: 

h = b + b'^ h' = -i{b-b^). (4.9) 

Next we must find the general form of the gauge charge. We proceed as in Subsection 11.21 
but we do not assume that the (anti) commutator with the gauge charge raises the canonical 
dimension by an unit; we find out that in the massive case Q is uniquely determined by: 

Qn = Q^ = Q (4.10) 

and 

[Q,C]=tv [Q,v^]=id''u [Q,<l>] = -g^ [QA^]=9 [Q,d'] = Q 

{g,x} = 2< {g,x} = -2< {Q,\'} = o 

{Q,u} = {Q,v} = {Q,g} = {Q,g^} = [Q,Ca] = [Q,a] = 

{Q,u} = -i {d^v'' + mh) 
{Q,v} = i {2d' + mh' + m^C) 
{Q: 9} = — ?n^</)^ — imf {Q, = —rn^cj) + im/^ 

[Q, h]=imu [Q, h'] = im v [Q, f] = -img {Q, ipa} = mCa {Q, V^a} = fnCa- (4.11) 
One can express everything in terms of superfields also |lUj : 

[Q, v] = U-U^ {Q, U} = 
{Q^U} = V^V -imB [Q,B]=imU. (4.12) 

As in the Introduction we postulate that the physical Hilbert space is the factor space 
T^phys = Ker{Q) / Im{Q). Using this gauge structure it is easy to prove that the one-particle 
Hilbert subspace contains the following type of particles: a) a particle of mass m and spin 1 
(the massive photon); b) a particle of mass m and spin 1/2 (the massive photino); c) a scalar 
particle of mass m. Only the transversal degrees of freedom of and A'^ are producing physical 
states. 

We can now determine the causal (anti) commutation relations for the ghost fields. If we 
take into account the particular choice we have made for the causal (anti) commutation relations 
of the vector multiplet one finds out fTUlj that we have 

^ i ~ 1 

{a{x), a){y)} = - Dm{x - y) [Ca(a;), Cbiv)] = -^^ab ^i^^raix - y) 

[b{x),b\y)] = Dm{x-y) {^a{x)My)} = -\<yab dMx~y) (4.13) 
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and all other causal (anti) commutators are null. So, like for ordinary Yang-Mills models, the 
causal (anti) commutators of the ghost fields are determined by the corresponding relations of 
the vector multiplet fields. So we see that the causal (anti) commutators are uniquely fixed by 
some natural requirements. We also can prove that it is not possible to use rotor multiplet 
instead of the full vector multiplet and it is not possible to use Wess-Zumino multiplets instead 
of the ghost multiplets. 

First, we eliminate terms independent on the fields b, fyipa, of the type dgb + d^j^t^ exactly 
as in the massless case. Now comes an important observation: suppose that we have a Wick 
monomial ts which has at least one factor b, f,ipa and it is of canonical dimension uj{tB) < 4; 
if we consider the expression dqts then from ()4.11|) it follows that uj{dQtB) < 4. 

This means that the new (6, /, ■^/'-dependent terms) from the interaction Lagrangian cannot 
produce terms of canonical dimension 5 when commuted with the gauge charge. So, first we 
can proceed with the elimination of trivial Lagrangians of canonical dimension 4 like in the 
Appendix. This in turn means that the general solution of the gauge invariance problem must 
be a sum of two expressions of the type t^^^ and t^"^^ from the preceding Section - see ()3.16p 
and ()3.17p - to which one must add 6-dependent terms such that gauge invariance is restored. 
These new terms are easy to obtain. For the Yang-Mills coupling t they are well-known [7j 

+fjki{hjd^hkv'^ - rrik hjVk^v'^ - nik hjUkUi) + f-'ki hjhkhi (4.14) 
and for the second coupling the generic expression is 

+Pfki i>^'ji'k)hi + p% {\'^i,k)hi + p% {\'^Xk)hi + pgl (A;.Xfc)/^^ (4.15) 
The gauge invariance condition gives well-known constraints on the constants /', /" and: 

(3) i (4) (4) i (2) 

Pjki = 2Pjki p)ki = -^P)ki mk 

i pfki nil = 'ifjki rrik i pf^i m = -'^fjki nik- (4.16) 
We see from the second set of relations that we must have 



/,fci = for mfc^O mi = (4.17) 

which implies that the massive and massless gauge fields must decouple; this does not agree 
with the standard model. 

Regarding supersymmetric invariance, this means that the argument which prevents the 
equation ()1.15|) to be true remains valid but ()1.21|) should stay true. 

We note that the anomaly ()3.38|1 will remain in this case also. 

Remark The solution found in has in fact terms of canonical dimension 5: indeed 
the third term of formula (4.1) from this paper produces after integration over the Grassmann 
variables the term [ipOg which is of canonical dimension 5. 
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5 The New Vector Multiplet 



The new vector multiplet was introduced in |^ ; it is the second possibility of a multiplet which 
contains a vector field. First we give the definition of a Wess-Zumino multiplet: such a multiplet 
contains a complex scalar field (j) and a spin 1/2 Majorana field fa of the same mass m. The 
supercharges are defined in this case by: 

[g,,0] = o, [Q„0l = o 

{Qa, fb] = -im eab(t), {Q-a, h} = im e^50^ 

{Qa, h} = {Q-a, fb} = <ad,^^- (5-1) 

The first vanishing commutators are also called (anti) chirality condition. The causal 
(anti)commutators are: 

{faix), fbiy)} = i eab m D-mix -y), 

{faix), My)} = <^ d.D^x - y) (5.2) 

and the other (anti) commutators are zero. 

To construct the new vector multiplet one and adds a vector index i.e. makes the substitu- 
tions (j) ^ fa^ 'ipfia', here is a complex vector field. In the massless case the action of 
the supercharges is: 

[Qa,V^]=0, [Q-a,vl]=0 
^ [Qa, = 2 Ip^a, i [Qa, V^] = 2 t/jf^a 

{Qa, -^t^b} = 0, {Qa, 1pf,b} = 0, 

{Qa, i^^b} = Kb^u^t^^ {Qa, i^t^b} = (^baduVl- (5.3) 

The gauge structure is done by considering that the ghost and the anti-ghost multiplets 
are also Wess-Zumino (of null mass) i.e. we can take in the analysis from Subsection 12.21 
9 = 9 = 0. 

The gauge charge is defined by 

Qn = = Q (5.4) 

and 

[Q, Vfi] = idf.u, [Q, ^pf,a] = d^Ca, 

{Q,a} = 0, [Q,Q = 
{Q, a} = -I 9%, [g, C] = -d.Va (5.5) 

and the rest of the (anti) commutators are zero. It is more convenient to work with two real 
vector fields: 

A^ = v^ + vl = -i{v^ - vl) (5.6) 
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such that we have 

[Q, A^] = id^u [Q, B^] = id^v 
{Q, u} = -id^A^ {Q, 5} = -id^B^'. (5.7) 

If we have r such muhiplets i.e. the fields , Bj ,Uj,Vj,Uj,Vj j = l,...,r then it is 
convenient to define the new fields Aj, uj,Uj, j = 1, . . . , 2r according to 

^j+r- = B^ Uj+r = Uj Uj+r = Uj j = 1, . . . , T. (5.8) 

In this way the gauge structure becomes similar to the Yang-Mills case i.e. 

[Q,A^j] = td^uj 

{Q,Mj} = {Q,uj} = -id^A^j (5.9) 

for J = 1, . . . , 2r. 

It is not hard to prove that the gauge invariance fixes the interaction Lagrangian to be of 
the Yang-Mills type i.e. 

t = fjKLiA^jA^^d^AL^ - A^'jUkO^ul) (5.10) 

where the constants fjKL are real (from Hermiticity) , completely antisymmetric (from first 
order gauge invariance) and verify Jacobi identity (from second order gauge invariance); no 
other terms containing spinor fields are compatible with (first order) gauge invariance. One 
can revert to the old variables defining 

^(1) _ f f(2) _ r 

Jjkl — Jjkl Jjkl — Jj+r,k+r,l+r 

fjkl = fj,k+r,l fjkl = fj+r,k,l+r- (5-11) 

Then t above is a sum of four expressions: 

t^'^ = f^lliA^Ald^A,- A^u,d,u,), 
t^'^ = ff^AB^Bld^Bi, - B^u,d,ui), 
t(3) = f^l]{A^B^,d.Ai, - A^Ald^Bi, - B^Ald^Ai, 

-A'^Ukd^ui + A'^Ukd^vi + B^Ukd^ui); (5.12) 

the expression can be obtained from t^^'^ performing the change Aj ^ Bj, Uj ^ Vj, uj ^ 

One can show that t^^^ is equivalent to a simple expression, namely: 

^^'^ ~ fjlliAjB^kd.Ai^ - 2B>^A)d,Ai^ + A'^d.Ukh - '^A^^Vkd.ui). (5.13) 

Now we impose the susy- invariance condition (jl.2H) : after some computations one obtains 
the restrictions: 

,(3) _„.(!) .(2) __„.{!) .(4) __.(!) 

Jjkl — ^ Jjkl-: Jjkl — ^ Jjkl Jjkl — Jjkl \^-^^) 

which, unfortunately, are in contradiction with the reality condition. So, we cannot find a 
susy-invariant model even in the first order of the perturbation theory. 



Vj. 



20 



6 Conclusions 

There is another possibihty, namely to use extended supersymmetries fT]. However in this case 
one finds out immediately that one cannot include the usual ghost fields in some supersymmet- 
ric ghost multiplet. Our analysis indicates serious obstacles in constructing supersymmetric 
extensions of the standard model in the causal approach. 



21 



7 Appendix 

I) We have the following non-trivial possibilities for terms of the type AjA^Ai where Aj, A^, Ai 
are fields of the type C, 0, f ^, d, x, A' : 

• from the sector CxA : 

f^M^ = Cjid.Xka^'^d.^,), = Cjid.Xka^'^d.X'^ (7.1) 

and terms with one derivative on Cj which will be denoted generically by F^^^ ; 

• from the sector CvuVj, 

ffH^e,^P^C,d^vld''vl ff^^C,d,vldX (7.2) 

and terms with one derivative on Cj which will be denoted generically by F^"^^] 

• from the sector Cv^d : 

f^Cjv^d.di, f^ta^CjdXdi (7.3) 
and terms with one derivative on Cj which will be denoted generically by F^^^ ; 

• from the sector CAA : 

/Sf Cj {K'y'dAl Cj {d,X',a^X[) (7.4) 

and terms with one derivative on Cj which will be denoted gencr ically by F^; 

• from the sector Cdd : 

f^iiCjd,di; (7.5) 

• from the sector XX^P '■ 

ffn^ {d,x,o^^d,XK)<\>u f'jS {d,X,o^''duXK)<^l 
fiM\d,Xj^'"'d'^Xk)cl>i, ff^\d,Xf^^''d^Xk)4 (7.6) 

and terms with one derivative on (j)j which will be denoted generically by F^^^; 

• from the sector xX'^ij. '■ 

& {Q.Xoo'QvxM. C {Q.XoO^'d.xM^ 

f^1:\d,d^X,a^XkK, ff^Kx^a^d.d^XkK ffu^ e.^^d'^Xj^'d^xM (7-7) 
and terms with one derivative on vf which will be denoted generically by F^^^; 
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from the sector xxd '■ 

ffu^ {d,X,^^Xk)du f^lf {X,cj^d,xk)di (7.8) 
and terms with one derivative on di which will be denoted generically by F^^^ ; 
from the sector xA0 : 

fl"^\d,Xyxk)<i>l f^S\\yd,Xk)<t>] (7.9) 
and terms with one derivative on 0;, which will be denoted generically by F^^^\ 
from the sector 001'/^ 

/irV.^MM^ fT^'MU, fT^]^^^< (7-10) 

and terms with one derivative on which will be denoted generically by ; 
from the sector (fxpd 

f^l'rUjM, f^li'UAdi, f^li'UWi; (7.11) 
from the sector 0AA : 

(a; A'j0, f^lf^ (a;a;)0;, f^ir^ (a;a;)0, f^lf {x'-x'M (7.12) 

from the sector v^v,jVp 



from the sector I'^^AA : 



fjT^vy.d^v,, 4fv^v,,dX (7.13) 

C(A;<t,A',)< (7.14) 
from the sector xAv^ : 

fikr\d^XjCT,Mvl &\xjCT,.d^W, 
f^lT\d''Xj^.^~m, f^li'\xj^,^d>^X'M, 

&^ id.xXK, f^T^ ixjdXK (7. 15) 

and terms with one derivative on Vi which will be denoted generically by F^^^^ ; 



23 



• from the sector xAd : 

fTixjK)di, fll?\xA)di; (7.16) 



• from the sector v^Vi^d : 



fllSXdi. (7.17) 



II.) We proceed in the same way with the ghost terms. We have to consider terms of the 
type AjAkAi where Aj = C, (f), 4>\ v^, d, x, A' and Ak = u, v, g, ( and Ai = u, v, g, (. 

• from the sector Auu : 

9jlft^jUkd^,ui gf^^d^v^UkUi gf^fdjUkUi (7.18) 

and terms with the derivative on which will be generically denoted by 

• from the sector Avv : 

afki^'j^kd^vi gf^^d^v^VkVi gf^^d^vm (7.19) 

and terms with the derivative on Vk which will be generically denoted by G^"^^] 

• from the sector Avu : 

afkiV^Vkd^ui gf^^d^v^VkUi gfkfdjVkUi (7.20) 

and terms with the derivative on Vk which will be generically denoted by ; 

• from the sector Auv : 

9jkf^Pf^'^kVi gf^fd^v^UkVi gfudjUkVi (7.21) 

and terms with the derivative on vi which will be generically denoted by ; 

• from the sector Agu : 

(5a) / ~ (5f')j,t ~ (5c), t~ (5<^)j,t t~ In nn\ 

9)ki(t^39kUi g)ki(t)]gkUi 9)ki<t>39kUi 9jki<t^j9k'^i (7.22) 

• from the sector Agv : 

(6a) J, ~ (6b) /t ~ (6c), t~ (6d) /t t~ in n'3\ 

9jki(Pj9kVi g)ki(l^j9kVi 9)ki<t>39kVi g)ki(l)jgkVi (7.23) 

• from the sector Aug : 

(7a)/ ~ (76) /t ~ (7c), ~t (7rf) / 1 ~t In r,A\ 

9jki (t^3'^kgi g)ki (l>jUkgi g)ki (l^j'^kQi g)ki (t^^Ukgl (7.24) 

• from the sector Avg : 

(8a)/ ~ (86) /t ~ (8c), ~t (8^) / 1 ~t in 

9jki(p3Vk9i g)ki(l>jVkgi 9jki(t>jVk9i 9jkirjVk9i (7.25) 
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• from the sector Agg : 

9jki '^j9kgi 9jki<-^j9k9i 9jki^j9k9i 9jki ^j9k9i U-^oJ 

• from the sector A(^u : 

9Ti^'jC^)^i 9Tw^i 

gfkf^ {dnXj(y^Ck)ui gfki'^'^ {xjcr''di,Ck)ui 

9fkT\d,CkCj''Xj)ui 9\7\Ck^'d,Xj)ui (7.27) 
and terms with the derivative on ui which will be generically denoted by ; 

• from the sector A(v : 

9%T\X'jCk)vi 9llf\X',Qvi 
^Sf ^ id,Xj^''Ck)vi g\lf {x,a^d,C,k)vi 

9%'^ id,Ck'7''x,)vi g^lY^ {CkCT^d,Xj)vi (7.28) 
and terms with the derivative on vi which will be generically denoted by G^^^^] 

• from the sector AuC, : 

9fkT^ i>^'jCi)uk gfkT mCi)uk 

9jlT^ i^^,XJ(^^Cl)uk gfkf' {Xj(^^d^Quk 

9%'^ {d,Ci^'Xj)uk gf/^ {Ci^'d.XjW (7.29) 
and terms with the derivative on Uk which will be generically denoted by G*^^^^ ; 

• from the sector AvC, : 

^Sr^(A;a)^. gfl^im^i 

{d,Cio^Xj)vk {CiCT^d,x,)vk (7.30) 

and terms with the derivative on Vk which will be generically denoted by 

• from the sector AC,C, : 

^SfV,(ao) 4fV](ao) g^^^uCkCi) 4rV](ac~j 

gfit^C,(d,CkCT^i) g^^^C.iCkO^d.Q 

gf^^f iCka.l) g^^v^ iCia.Ck) (7.31) 
and terms with the derivative on Cj which will be generically denoted by G^^^^ ; 

25 



• from the sector A(g : 

9jlT\xjCk)9i 9\iT\xjCk)gj 9fkT\xjCk)9i 9fkT\xjCk)9l (7.32) 

• from the sector Ag( : 

9jT\xjCi)9k 9fki\x3C,i)9l 9jM''\xjCi)9k 9jlT\xjCi)9l (7-33) 

Some of the possible terms have been discarded according to the "magic" formula. The 
coefficients are subject to various obvious (anti) symmetry properties. 

III. ) We have total divergence terms t^^^ — 20 in the sectors 

/(I) _/(4)^j(6) _ ^(10) ^^(13) ^^(15)^^(1) _ ^(4)^^(10) _ ^(14) 

respectively. 

IV. ) We also have the co-boundary terms dgb to eliminate some of the previous expressions; 
we list the possible expressions b: 

• of the type AA'u : 

bfkf (pjAul bjki (t>3^k'^i bjkf t^jt^k^ui bf^f CjdkUi 

b%? {xX)ui b%f {xfK)ui C i^X3<y'Xk)ui fejl? {X3^'d,Xk)ui 

^ CA<^i b%f CXd.u, (7.34) 

• of the type AA'v : 

b%? {xX)vi b%f {xX)vi b%f {d,X3^'^Xk)vi b^l {X3^^d,xk)vi 

^ CA<vi b%f Cy,d,vi (7.35) 

• of the type AA'g : 

b%f C,<t^k~9i bfS C,<\>% b%f Cjcf>,gj b%f CM 

b%f {x^XkYgi b%^ ix^XkYg] b%f {x,Xk)~9i bf^ {x,Xk)~g\ (7.36) 

• of the type AA'l : 

b%f MXkCi) fcjt? 0l(x.6) b%f Uxkl) b%f <l>]xkl) 

b%f C,{d,Xka^l) b%i^ C,{xk<y'd,Q 

bif CMxicr'-Ck) b%f C.ixua^d.Ci) 
t^l CAKCi) C.CKCi) b%f v^ixkaZ) b^S ^^iCkO.Xi) (7.37) 
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• tri-linear in the ghost fields: 

, (5a) ~ ~ , (5b) ~ ~ , (5c) ~ ~ , (5d) ~ ~ , (5e) ~ ~ , (5/) ~ ~ oo\ 

b)ki UjUkUi b)f^/ UjUkVi 6}^/ UjVkVi h)j^i' Vjum b),^/ vjUkVi b)^i' vjVkVi. (7.38) 

V.) Now we ehminate terms of the type / and g using total divergences. We have to pay 
care to the order in which we proceed because if we use a total divergence (or a co-boundary) 
we must not modify terms which have already been fixed. We proceed as follows: first we use 

= tjkiVjVk^^vi^ tjki = tkju (7.39) 

because 

it is possible to take 

/.(13a) _ _ <.(13a). (7 A^\ 

Jjkl — Jlkj ' {'■^^) 

For simplicity we denote from now on: /j^^"* = fjl^i"^^- 

We find convenient to describe the various redefinitions in the following table: 



Nr. crt. 


tf„b 


Restrictions 


Modified Terms 


1 


tm 




.(13b) 
Jjkl 


2 




Jim ^ Q 


G(i) 


3 


t(12) 


(7(1) = 


^(la)^^(16) 


4 




- U ' — ' k) 


/-(lO) 


5 




9\ki - (i ^ — ' k) 


/-(lO) 


6 


5(lc) 




_p(10)^^(5a) 


7 




g{'ic) ^ Q 


j(3b) 


8 


biW 


gilOa) _ Q 


ir(15) 


9 




^(106) = 


i?(15) 


10 


-(16) 


G'(io) = 




11 


^(1/i) 


^(lOc) = 


^(10e)^^(7) 


12 




^(1°^) = 


^(10d)^^(7) 


13 


-(2) 
ifj, 


F(2) 


J(2a)^ _ _ 


14 


.(14) 


(5(3) 


g{Za)^g{Zh) 


15 




J {2d) ^ Q 


gm 


16 




/(26) = 


g^^^\ total div 


17 


^(2a) 


aW - ' — ' k) 


J(lla) 


18 


5(26) 


9\ki - U ' — ' k) 


j(llc) 


19 


5(2c) 


gm ^ Q 


^(6a)^ j(116) 


20 


.(15) 


G'(^) = 


gi^a)^gm 
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Nr. crt. 




Restrictions 


Modified Terms 


21 




^SS^ = -(j ^ k) 


/(17) 


22 




/(5) = 




23 


5(2/) 


^(lla) ^ 


/(16a) 


24 


5(2^,) 


^(11^-) = 


J(166) 


25 




G'(ii) = 


^(llc) _ ^(11/) 


26 




(^(iic) = 


^(lle)^ J(8a) 


27 


5(2«) 


(7^"^^ = 


g(lld)j(iib) 


28 


/-I o\ 

7-(13) 


^(2) = 




29 


^(3) 


= 


J(3a)^y(3fe) 


30 


5(2i) 


jm = 


^(2.) 


31 


5(2/1) 


/(3a) = 


5((2a)^ tot div 


32 




^(8a)^___^^(8d) ^ Q 


g(9a) _ g(9d) 


33 


5(3e) _ 5(3/1) 


^U5a,V,.) ^ ^ ^) 




34 


5(4a) _ 5(4d) 


^(14a) _ ^(14d) ^ 


g(Wa) _ g(Wd)^ j{9b)^ j(9f)^ J(9c)^ j(9g) 


35 


,(20) 


^(14) = 


gi^ie) _ c,(14/i) 


36 


5(4e) _ 5(4ft) 


^(14e) _ g(lih) ^ Q 


(^(13c) _^(13/)j(la)^j(16)^ ^Q^g^l ^-^ 


37 


^(4fc) ^{41} 


g{Ur) ^ ^(14j) ^ Q 


/"loN n I A ^ £\ fi/icL\ 

) f J f J f \ fy^^'^> 


38 


,(18) 


(7(^2) = 


(^(12c) _ gV-'^t) 


39 


/I q\ 

j.(iy) 


^(13) = 


^(13c) _ ^(13/) 


40 




^(.idaj _ g 


/•/A/I \ 

/(4a) 


A 1 

41 




^(13fe) n 




4/ 




9iki =U^l) 




/I Q 


7i(5b) 


„(ic) n 


n(4fe) 


zLzL 


/)(5c) 






45 


5(5rf) 


= (j - 




46 


5(5e) 


^(3c) ^ 


^(2.) 


47 


5(5/) 


= (J - 




48 


-(1) .(4) 


^(1) ^ ^(4) ^ Q 


j{la) j(lb) j{4a) j{ib) 


49 


.(5) (6) 


^(6) ^ ^^(7) ^ Q 


/{6a) _ J{6d)j{7a) _ j{7d) 


50 


.(7) (8) 


^(8) ^ ^(9) ^ Q 


J-{8a)ji8b)j{9a) _ j{9h) 


51 


.(9) .(11) 


1^(10) ^ ^'(IS) ^ Q 


/(10a) _ /(lOd) /(15a) _ /(15/i) 



Using ()2.27p we can compute the expression dgT. We exhibit it in the form 

dgt = dqt^^^ + iUjAj + ivjBj + gjA'j + gjSj + iQXj + iQXj + total div (7.42) 

where the first term is tri-hnear in the ghost fields and the expressions Aj , A'j , Bj , Bj , Xj , Xj 
are independent of the ghost fields. We impose ()1.8|1 and note that the first term above must 
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be a total divergence by himself. The explicit expression is 

OQi' - -Qjki 9j9kUi + 9jki 9j9kUi - Qj^i 9j9k^i 

(6a) t ~ I (6b) ~ (6c) f t~ 

-9jki 9j9kVi + g)ki 9j9kVi - 9)ki 9j9kVi 

(7a) t ~ , (7b) ~ (7c) f , {7d) ~i 

-9jki gj-^kgi + 9jki 9jUk9i - 9)ki 9pk9l + g)ki gj^kgi 

, • (9a) ~ , • (96) t~ , • (9c) -f , • {9d) t-t 

9jki Vj9k9i + « 9jki Vj9lgi + I 9jki Vj9k9i + ^ 9jki Vj9k9i 
+2i 9lTiQ<^'d,Ck)ui - 2i g%'\d^a^Ck)ui 
+2^ 9^'\(^3^'d,lk)vi - 2i g%''\d,Qcj^lk)vi 
+2i ^]if ) {d,Qa>^l,)uk + 2^ g%'^ {Qcr^d,~Quk 
-2t g\]!''\d,Cia%)uk - 2t gl]!^\Qa^d,Ck)uk 
+2t g''^'\d,Q^^l)vk + 2i ^^Sf (0a^9,C~J^. 
-2i gfi:^[d,l,a^Qvk - 2i g%^\Qo^d,Qvk 

+2i ^SrHoa)^/ + 2i ^Sf (oa)^/ - 2i y]if - 2^ ^Sf (oa)^? 

+2i (00)^. + 2i (00)^; - 2i g^^f'g'Qgk - 2i g%'^{C,l)gl (7.43) 
and it is easy to see that dqt^^^ is a total divergence ij^^it is identically zero. This amounts to 

^(p) = p = 5,6,7,9,10, 11, 15, 16 

Al2c) _ _ (12/) _ 

gjki — ■ ■ ■ — gjki — "J 

9^ = ■■■ =4f = 0. (7.44) 
The expressions Aj, A'j, Bj, B'j, Xj, X'j have the following form 

A- = -2/Sf ^''^ 9,^,. 
+ (-/S? + f!kf + fiff + 9^k;h < d,dX 
Hfikf + 9^kl^) dX dX 

-(/if - /if) {d.Xi dA'k) 

-2 (/sr - 9^^^ + gfS) < 9 A - 2 (/i;r - ^is^) di - 2 ^is^ 4 (7.45) 

+/ifr^ d'^v^k d,vi^ + ff:," e..p. dA d'^t 

-2 - 2 ^f,? - 2 4f 4 rf. (7.46) 
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+fi-^ id.Xi + f!jP iXi d,Xi) 



^yjjkl Jkjl ) "l^^k Jkjl Vk "iJ'^l 



+fi 



(.(126) /,/ x/\ I fiV2d) /V/ v/x 



(7.47) 



+4?^ id,Xi K) - fl-k^ {Xi d,K) 

-24;?") 4>k - f^lf 4 d, 

r(12a) /,/ ,/x (■(12c) /T/ T/x 

~/ifej l^fc ^/J " Jlkj l^fc 



(7.48) 



-AfT ct'-" d.Xk d,<l>i - 4/j^? a'^'^ d.Xk d,^ 

+2(-/iir^+4?) ^''^.x.^x 

+2(-/iIf + 4?) d,Xk dX + Xk d,dX 

-2f^lfe,.,,a''d'^Xkd^v^^ 
+2(-/j'? + f^l?) d,Xk di - 2^?) d,Xk di 

+2 (-/Sr^ + /Sr^) a,A', - 2/(;f^^ A', a,^r 

+2/r^A', d, (7.49) 
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+2(-4? + /g?) d,Xk dX + Xk CJ^ d,dX 

-2f^;;^e,^,,d^X,a^d''vl 

+2(/gf - /gf ) - 2/gf A', 9,0, 

+2(/gf^ - /gf^) a'^^t - A', a'^ 

-2f^TK di (7.50) 

If we make a general ansatz 

T'* = ujT^ + {d,u,)T^'' + (9,apM,)Tf ^ (7.51) 
we can prove, as in the Yang-Mills case, that we must have in fact 

Aj^Q 4 = Bj^Q Xj^O X'j^O. (7.52) 
In particular we have from the coefficient of d^v^ d^vii, that 

= -4? ; (7-53) 

together with 

sJiNsS?; (T.54) 

(13) 

this amounts to the total antisymmetry of the expression /j^^ and the Yang- Mills solution 
emerges. We also have 

9T = 2' & sSf = 2' 4"' (7-66) 
and the second solution emerges. 

One can make a double check of the computation as follows: one eliminates only the terms 

of the type F, G and do not use the co-boundaries. So, we work with the whole set of 132 

terms of type F, G. As a result we find 35 solutions of which 33 are trivial and the other two 
are those already obtained above. 
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